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Abstract robots or vehicle-based driver assistance systems, mite
computing resources and time are available for self/auto-
In this study we use statistical methods for assessing thecalibration, while reliability and accuracy are still a tia
quality of camera self-calibration of a stereo vision syste ~ mental requirement.
considering accuracy, reliability, and significance of #we When using natural real-world scenes, such systems can
lution. The results of the optimisation process are subject sometimes provide a considerable amount of corresponding
to model fitting analysis. In this context, we define figures points for self-calibration, specially if several frames ac-
such as significance, confidence levels, and error predictio cumulated. Still it may be difficult to predict the availatyil
curves across the complete field of view. Furthermore, weof correspondences in time and they may be not uniformly
analyse the effects of the number and spatial distributfon o spread across the field of view or be redundant.
image correspondences on the calibration quality and ex-  However, for the usual iterated non-linear optimisation
amine the efficiency of uniform random selection strategiesmethods [ (], computation time and memory requirements
to reach a predefined accuracy level with as few correspon- of camera calibration algorithm largely depend on the num-
dences as possible. We introduce a strategy for active se-ber of correspondences use.[On the other hand, accu-
lection of correspondences based on the prediction error, racy converges asymptotically with respect to the number of
which achieves a faster convergence of calibration qual- correspondences, thus the obvious choice to keep computa-
ity than random selection without uniformity requirements tion time within desirable limits is to select a limited num-
This active selection strategy is combined with random se-ber from the set of already available correspondences. This
lection, relying on an adaptive selection probability dete  paper focuses on the analysis of different selection strate
mined based on the prediction band values, which leads togies aiming to achieve a desired quality level with as few
a faster and steadier convergence than uniform random se-correspondences as possible.
lection. Our evaluation is performed using both synthetic ~ We concentrate on self-calibration of a stereo system for
data and real-world data from a vehicle-based stereo vision which ground truth information is not available and thus
system. Our empirical analysis improves the understandingonly such residual information is used. The most typical
of camera calibration procedures and helps to find a good quality measures used in the computer vision literature on
trade-off between accuracy and computational efficiency byself-calibration methods are based on statistics of the re-
specifically selecting the correspondences which are mostprojection error or epipolar constraint jneasured in im-
relevant for the calibration process. age space. However, these measures are not very consis-
tent as they are highly dependent on the particular data set
(number and spatial distribution of correspondencesgenois
1. Introduction levels). Furthermore, they provide information only on how
well the model fits the particular data set used for calibra-
Stereo vision systems require good knowledge of the ge-tion, but no information regarding how the model is ex-
ometric properties of the cameras used for image acquisi-pected to fit to new data in that range (interpolation), and
tion. For some methods (e.g5,[7]) a sufficiently accurate  especially outside the calibrated range (extrapolation).
camera calibration is necessary even to operate propsrly,a In a general metrological context, successful calibration
they require rectified stereo images as an intermediate stephas to be consistent and systematic, and both the calibra-
For other stereo approaches, the quality of the calibrationtion and subsequent measurements should be traceable. In
will at least influence the quality of the output results. camera calibration it is also necessary to define when the
Additionally, for real-time vision systems in mobile system can be considered fully calibrated in a consistent



and meaningful way with respect to its prediction capabil-

ities for new measurements. This property should be com-

bution of correspondences and extrapolation from the-avalil
able measurements to the complete range of measurement,

puted across the complete measurement range, i.e. the fielde. the whole field of view.

of view (FOV), forming the so-called error prediction iso-

curves. They represent the usual problems in calibration in2.2. Optimisation and x? test

an intuitive and easily interpretable way, regarding the-po
sible occurrence of an inhomogeneous distribution of input
data, over-fitting of the model parameters, and sensitivity
input noise.

2. State of the Art
2.1. Self-calibration and quality measures

Self/auto-calibration of stereo vision systems is a widely
regarded research topic, see e4.q, 17] for a general

overview of the subject assuming geometric camera mod-
els. Mostly, a two-stage procedure is used: First, an ap-

proximate (linear) solution is computed that minimizes an
objective function w.r.t. the unknowns; some of the camera

parameters (either internal or external). Second, this so-

lution is refined by a non-linear, iterative minimisation of
a similar objective function, using the values from the first

Optimisation algorithms in calibration search for the
minimum in parameter space of some objective function.
In computer vision the most common choice is the residual
sum of squaresi] RSS= 3", r;2, wherer; is the residual
of correspondence The actual value in pixélunits is of-
ten neglected as meaningless since for optimisation itean b
replaced by any other function having the same minimum.
In fact this approach is equivalent to another well-known
measure, the root mean square eRMSE = /RSS/N,,
with N,,, as the number of measuremenis]/]. However,
this value may be measured in pixel units, although it still
has no clear statistical meaning. TR&ISE measure can
be generalized by dividing each residuaby a weighting
factoro;. If we assume that the residuals are independent
of each other and that they are drawn from a known prob-
ability distribution with standard deviatiar, this function
becomes a statistically interpretable quantity known as th

stage as starting values for the unknowns. For the remainde(Pearson’s)? statistic:

of this paper, we concentrate on the non-linear minimisatio
(Bundle Adjustment) as here the gain in computation time

is more important when reducing the number of correspon-

dences.

The ultimate quality measure in stereo vision should be
the comparison of 3D scene reconstruction with ground
truth data 3. This can be obtained from semi-synthetic
images, but by construction these will follow a particular
camera model “perfectly”, therefore they are not complete
for the purpose of this paper.

Ground truth data could be as well obtained by laser-
scanning the scenée ] but this requires instrumentatinn
which is not available in most real time systems. It |
vious that this kind of quality measure cannot be us
performing auto/self-calibration.

In [6] and many other publications, the objective
tion often used is (or is related to) the squared errors
available residuals. However, related quantities suck
mean residual error (MRE) measured in pixels, or t
lated Residual Sum of Squares (RSS), are often pr
as well as criteria for evaluation of the quality of diff
calibration methods.

From the regression analysis literatuég it is know
however, that the RSS will be artificially small when
a few measurements are used, i.e. when over-fitting
model occurs, resulting in misleading conclusions ab
quality of calibration.

This is relevant since we intend to use as few points for
calibration as possible. Additionally we have to cope to
some degree with possibly close to degenerate spatial distr

(1)

2 ri?
X = Z 01.2 .
The choice of this statistic as a goal function is justified
by several reasons: It is dimensionless, system indepénden
and statistically interpretable. It is also a standard mesas
of the goodness-of-fitl[Z]. The x? distribution represents
the probability of independent events (measurements)to oc
curin a purely random manner and is a maximum likelihood
estimator under this assumption. For a simpler interpreta-
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Figure 1. Example of the evolution of thg value (top), the p-
value confidenc€’ (centre), and the maximum and minimum pre-
dicted error values across the FOV w.r.t. the number of spoe-
dencesV,, randomly selected from real data (bottom).



tion, the reduced measuxé is defined as
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[17, wherev = N,, — N, is the number of degrees of
freedom withN,, as the number of free parameters in the
model. This estimator provides a convenient rule of thumb.
The conventional limit of significance correspondsfo=

1. Lower values represent overfitting while higher values
mean disagreement between the model and the data.

A more formal interpretation makes use of tQé cu-
mulative distribution function?2,(z,v) = [, x*(a, v)dav.
The values of¢? and the number of degrees of freedom can
thus be translated into a p-value of confideatealenoting
the likelihood of the overall fit:

C=Pe,=1-xa*v) (3)

The p-value will be near zero when it is unlikely that the
model explains the data and ndawhen the model is con-
sistent with the data. A common (but still arbitrary) refer-
ence threshold value % (confidence levelv = 0.05).
Fig. 1 shows an example of the evolutiongf andC with

an increasing number of randomly distributed correspon-

dences.

3. Prediction surfaces
3.1. Definition

Although it is not new in computer vision to calculate
confidence intervals for the fitted (camera) paramefdy &
is however surprisingly difficult to find references coneern

a Gaussian-like distribution. Possible deviations from th
Gaussian distribution in real data will be discussed later o

3.2. Prediction surfaces in camera calibration

To compute prediction surfaces, the covariance matrix
of the parameters is required. In our implementation we use
the Jacobiad computed in the last iteration of the optimi-
sation step,

87",-

Ji = 4
Ky = 24, ©)
o

wherep = (¢1, ¢2, ¢3) denotes the parameters to be op-
timised (which in our example scenario correspond to the
three relative orientation angles of the cameras) Knithe
weighted Jacobian, which is used to compute the covariance
matrix ¥ according to
> = (K'K)™". (6)

As stated in Sec3.1, prediction bands can be calculated
for any position in the image. In this paper, these positions
correspond to all integer pixel positiorsin the leftimage.
As the point measurements are independent of each other,
we illustrate the computation for an arbitrary pofatv) in
the left rectified image.

To compute prediction surfaces, we use the Jacobian vec-
tor g of the model functiory with g;(u, v) = 0 f(u, v)/0p;
and the covariance matrk to obtain a dimensionless value

ing confidence or prediction bands in the space of the de-c according to

pendent variables. In regression analysis, confidencesband

are curves around the fitted model (function) which are ex-

c(u,v) = gBgT. (7)

pected to enclose the true model with a predefined proba-The half widthop of the prediction interval then corre-

bility or confidence level, e.15%. This is caused by the

uncertainty of the fit propagated to the model parameters.

The extent of the bands gives an idea of how well the func-

tion fits the data at different positions in data space. On the

other hand, th®@5% prediction bands are curves enclosing
the area that is expected to contaiils of the (predicted)

future data points when using that model. These curves in-

clude the uncertainty of the model fit (like the confidence

sponds to

RSS
v )

aﬂwwngwmw+n ®)
where( is a constant derived from the inverse cumulative t-
student distribution_ according to3 = ¢ (1 — a/2,v)

with « as the probability of the desired confidence level for

bands) and additionally account for the scatter of the datathe surfaces. At a confidence leveldd we usen: = 0.05
around the fit. Therefore, the prediction bands are alwaysthroughout this paper.

broader than the confidence bands.

The derivation of Eq.q) is based on the derivation of

These bands can be calculated using Monte-Carlo orthe parameter confidence band as described]inAs both

bootstraping methods for repeatedly testing sample varia-

bands are symmetrical around the model function we can

tions of model fit parameters and also of the measurementssubtract the model to rectify the bands and perform a resid-

taking into account their respective probability disttibn
if known. The bands can also be calculated analytically
by linear error propagation, i.e. a first order approxima-

ual analysis. When calculated for a two-dimensional do-
main in image space, the term “band” is replaced by “sur-
face” and conveniently represented by the error iso-curves

tion which is sufficient when the measurement noise hasoverlaid on the images.



3.3. Usage and interpretation N / X N=20, = 04230, C-38.1% : \{ %
R v,

200 I X, 95% prediction iso-curves (pix)

In computer vision the evaluation of the overall qual- ® : / °

ity of fit is commonly done by a single goodness-of-fit-like / 4 5 y
number [], standard deviations of the model parameters o/ >
[3, 11], and/or analysis of the correlation matrix of the pa- ” [\

rameters [&. Error prediction curves, however, not only K

aim for justifying the fit of the model to the calibration data  °f

but also to predict the error of the system for future mea- °
surements across in the full data range. Their shape de-

pends on the spread of the correspondences used in the fit**e
In areas close to several measurements consistent with the
model, prediction bands are expected to be narrow, indi- 3 L

cating a good local fit. Otherwise, when extrapolating to ™| \
regions of the measurement space far away from the data =00 “io0 o

| |
upix) 100 200

used for calibration or when some measurements show a [~ ] 4 N=20, = 03913, C=98.6% ) \ S
poor consistency with the model, the error prediction val- =} o ST peacnEane iy
ues increase. / \
This natural behavior is depicted in Fig, where the
@9 ?

same number of measurements are spread in a very dif- [
ferent manner across the image. From the value of the
bands one can immediately observe in which example the
model works better. It should be noticed that “interpolatio

among existing points is much more accurate than “extrap-
olation” to outside regions. Fig. shows one possible evo-
lution of the maximum and minimum values of the curves
across the field of view for a random uniform selection
sequence of the correspondences used for self-calibration ,
where the error converges asymptotically.

Vv (pix)

)

4. Epipolar Geometr
PP y Figure 2. Two different distributions df0 correspondences (cir-

The objective function of the self-calibration problem is cles: measurements; crosses: re-projections) providenidths
a constraint on the four-dimensional measurements of eacl?f the prediction interval that range from4 to 2.2 pixels (top)
correspondence: The 2D positions of corresponding pointsand from1.9 to 11 pixels (bottom).
(ug, vi,ur, vy) in the left and the right image are subject to
the epipolar constraint, thus only three of them are free and
the fourth is a measure of the residual, i.e. the distance to
the re-projected point orthogonal to the epipolar line.

For a two-view problem, the residual deviation from the
epipolar constraint is the objective function to be mini-
mized []:

solution determined by a nonlinear optimisation technique
such as the Levenberg-Marquardt algorithrg] [

If an initial approximate calibration for the three rota-

i =x7 ([T]x R (61, b2, ¢3)) Xri, (9) tion ang!e&;ﬁl, 02, P3 IS availa_ble, both image spaces may

be rectified such that the epipolar constraint explicitly be
where[T], denotes the cross-product matrix of the transla- comesvy = f (u,v,uq). There is a bijective transforma-
tion vectorT between the two cameras, which is assumed to tion for any point(u, v) in the first image with a horizontal
be constant. The terR (¢4, ¢, $3) denotes a rotation ma-  disparity ug to a point(z,y, z) in Euclidean space if the
trix in terms of theX'Y Z-fixed rotation angle®, ¢-, and residual isvy = 0. The residual has to be minimized such
¢s. An ideal solution would imply that each corresponding that the scene can later be reconstructed accurately. iSor th
pairi of 2D feature point$z;, x,.) from two undistorted im- ~ purpose, we restate EcP)(such it becomes explicit. The
ages has a residual errgr= 0. Since real point measure- easiest way is to switch from orthogonal distance to vertica
ments are subject to noise (e.g. caused by image noise odistance: The deviation of the measured value,ofrom
the inherent accuracy of the correspondence analysis algothe predicted value is computed as the orthogonal distance
rithm), calibration is usually stated as a least-mean4®jua of v, to the epipolar line ok;, where the normal begins at



the pointu,.: whenever RSS-like objective values are used, it is equiva-
lent to a particular case of> where each residual in pixel
i (X1, Xeg) A e (X1, Xrg) units is assumed to be implicitly divided by a constant value
Vg — f (X145, Urg) - (10) o =1 pixel.

In some cases, image matching algorithms such as KLT

The error introduced by this approximation is related to the or SIFT can provide values of the uncertainty or noise levels
cosine of the angle between the epipolar line in the right for the coordinates of each individual image feature. Still
image and the horizontal line. As we deal with a well con- this value may not be reliable as it depends on several is-
structed stereo vision system, this angle is always smallersyes that are difficult to determine in advance, such as im-

than T and its influence is therefore negligible. age resolution and quality, local image structure, geoetr
_ size, shape and uniqueness of the feature, or sampling prob-
5. Evaluation lems.

However, we assume in our scenario that noise can be
determined empirically either as a global average single fig

The proposed procedure is demonstrated based on realre, or as a function with respect to image position. The
images acquired with a vehicle-based stereo camera systeratter will be shown as an alternate interpretation of thee pr
attached to the windscreen. An embedded computer pro-diction curves. Although this may seem to lead to a circu-
cesses both images in real time, extracts common feature$ar definition, it is in fact a consistent posterior verificat
and generates three-dimensional measurements. The canof the model, including the assumptions about noise as an
era system is pre-calibrated with approximate parametersadditional model unknown as a consequence of the central
but the windscreen is expected to alter the model as therdimit theorem. This can be verified with a sufficiently large
mal and mechanical stress cause deviations in time, spereference data set.
cially in the relative pose or rotation of the second camera  |n our real-world data example, we start by provision-
with respect to the first. To compensate this effect, the sys-ally taking an arbitrary accuracy goal assuming a uniform
tem needs to be auto-calibrated in the field using naturalvalue ofo; = 0.5 pixels for each correspondence. This is
features. We assume a standard central projection camera conservative guess based on previous (subjective) obser-
model with known lens distortion correction. vations of the accuracy of the KLT algorithm in our system

We evaluated the described prediction surfaces usingand other considerations of the physical system specifica-
real-world and synthetic data. For the real-world dataget w tions. Later we will show that this a priori estimation is not
calibrated a synchronized stereo-vision system with a-base critical and can be calculated in a two-step procedure, as
line of 210 mm and a camera constant 4i26 pixels us- any other unknown parameter.
ing [1]. Our evaluation relies on image pairs extracted from  Ag a reference data set, we w215 correspondences
alonger test sequence, rectified such that epipolar lines co extracted from a real stereo sequence. After filtering out-
respond to pixel rows (standard epipolar geomeify [The  jiers, we perform a Levenberg-Marquardt optimisatiof] [
features for self-calibration are extracted using a pigela 1o find a near best-fit solution for camera orientation. Big.

rate method based on the Census transfarf [vhere the shows the rectified left image with overlaid correspondence
sub-pixel accurate displacements are computed accordingajrs and computed prediction iso-curves.

to the KLT method {€]. _ _ In this case the calibration is nearly optimal. Notably,
With respect to our synthetic test, the data set consistSyye shape of the curves confirms a residual error prediction

of a variable number of correspondences that are uniformly,hich almost constantly amountsad 18 pixels across the
distributed across the field of view. The noise of each _point complete image space. This observation supports the idea
is Gaussian witly = 0.32 pixels and a slight miscalibration 4¢3 constant value may be sufficient to model image noise
is introduced to test a solution that has not yet reached its¢,; this system, although = 0.5 pixels was an overestima-
optimum. tion. The valuex? = 0.42 indicates that the result is sta-
tistically significant with some overfitting, and the p-valu
being almost identical tb.0 confirms the consistency of the
For computing Eq. ) we assumed before that the a- fit. The gross a-priori estimation of the constarttas quite
priori error of each correspondence comes from a knowna small effect in the calculation of the prediction curves.
probability distribution whose individual uncertainties Table1 shows the maximum of the prediction vakig and
are also known. Formally, this assumption would require the value ofy? computed in the complete field of view for
to extend the model by additional parameters to be inte- different values ob.
grated into the calibration procedure. However, many sys- We observe that the proposed method is quite tolerant
tems completely ignore such considerations. For examplew.r.t. reasonable guesses @f reaching a stable value for

5.1. Experimental setup and synthetic test

5.2. Effects of noise in image features
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Figure 3. Left rectified image and prediction iso-curvesgsil 25 correspondences (circles;, crossesi;), o = 0.5 pixels. The resulting
value ofx2 = 0.42 means that the fit is reliable and significant. The predictiorves are almost constant with» = 0.318 pixels.

x2 =~ 1, marking the limit of significance of the solution. 5.3. Correspondence selection
The error prediction curves are stable wheis underes-
timated and increase slowly whenis overestimated. So
far, this example illustrates an accurate but expensive cal
ibration, using all available correspondences. It will be

For an embedded real-time system, processing around
3000 correspondences s time-consuming. However, a solu-
tion which is significant and accurate enough can be reached

used as a reference for comparison with computationallyWlth a much smaller number of correspondences. For our

much cheaper calibrations performed using a small numberfger:z(; SléStemeVgggVP de:r s’alp.)srr:tn;itgrs gﬂi:ﬂmeﬁ r:r:i
of correspondences. : gles)w Si Ioration experi S Wi [

creasing number of correspondences, starting o= 4

The second order central moment (standard deviation) isto NV, = 120, extracted from the complete available set fol-
computed from the real data, corresponding.815 pixels,  lowing different selection strategies.
which is quite similar to the mean error of the prediction  First, we consider based on synthetic data that each new
curves. For the following analyses both example values,selected correspondence is closest to a randomly uniform
o = 0.315 pixels as the optimal error and = 0.5 pixels point generated in the field of view. One of these experi-
as an arbitrary conservative goal, serve as a reference in thments is shown in Figl which indicates that high confi-
graphs. dence and significance levels are reached soon.

It is intuitively clear that any selection strategy evalu-
ated on smaller subsets of a large data set should not pro-
duce better error estimation than the full set. However, it
initial values ofo. The “true” mean residual i8.315 pixels. can be seen in Figt that the RMSE tends to violate this
p 010 025 032 050 100 200 500 principle, often providing error estimates below the liwfit

MPE | 0318 0318 0318 0318 0.320 0326 0365 0-315 pixels obtained when considering all available cor-
Y2 105 169 103 042 010 0.03 0.00 respondences. Instead, we therefore propose to use the
Maximum Predicted Error (MPE), which is the maximum
value of the prediction curves calculated in a uniform grid
of 25 x 25 points across the complete field of view. This

Table 1. Maximum predicted error (MPE)> and? for different




error estimate obeys the stated principle. Moreover, enlik due to the fact that several sequences start with all corre-
the RMSE, it does not only describe the capability to fit the spondences in the same area, thus providing limited cover-
previous data but also predicts correct results for new mea-age of the field of view. It requires more thag0 corre-
surements. The system can only be considered fully cali-spondences in this situation to reach an error threshold of
brated if the solution is significant at a desired p-valug.(e. 0.5 pixels.

95%) and the MPE accuracy is in some desired range (e.g.
0.5 pixels) across the complete field of view. The density [
plot shows accumulation of different resulting RMSE and
MPE values obtained from000 different Monte-Carlo ex-
periments. Black areas show the most probable values. The *
density plot shows that using the strategy of random selec- °% ]
tion, at leasB5 correspondences are required to achieve an os " .
accuracy of MPE< 0.5 pixels with a significance level of oal
95%.
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Figure 4. Comparison of the asymptotic convergence of RMSE

(optimistic) and MPE (pessimistic) for randomly uniformlese T % % T20
tion on synthetic data. With few correspondences, the RM&sg
a premature impression of false accuracy (true 0.315 pixels). Figure 5. MPE density for real data clustered by temporail-ava

ability. Top: random selection; centre: active selectibattom:

The strategy of uniformly random selection works quite adaptive selection.
well with synthetic data. It requires, though, either a uni-
form spread of the data or a large data set from which to A more sophisticated correspondence selection strategy
extract more uniformly distributed subsets that cover the is based on error prediction curves. An active selection
complete field of view. However, in vehicle-based real- strategy uses the correspondences processed in the last pro
time systems correspondences are often extracted sequertessing step to calculate prediction errorsin the field@fwi
tially concentrated in clusters, with very different deies and select correspondences from image regions where the
depending on the scene. Even worse, statistics of residualpredicted errors are large. Fi§.(centre) shows the den-
and errors vary among different areas, leading to systemati sity of the MPE values for this strategy on the same data.
errors when the selection is not uniform. The convergence behavior is slower than for uniform ran-

An example is shown in Figh (top), where a real se- dom selection on synthetic data, but it is more stable and
guence was re-sampled by bootstraping. Asymptotic con-faster for real data, reaching the same threshold aftertabou
vergence of MPE is slower here than in the uniform case 70 correspondences. Notably, there was no attempt to de-
and markedly multi-modal, causing a solution that is unsta- tect or correct cases starting close to degeneracy, causing
ble with respect to the selection experiment. The latter is high variability in the left region. Nevertheless, the aeti
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